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Abstract 

We consider a one-dimensional jumping Markov process {Xf }t>o, solv- 
ing a Poisson-driven stochastic differential equation. We prove that the 
law of Xf admits a smooth density for t > 0, under some regularity 
and non-degeneracy assumptions on the coefficients of the S.D.E. To our 
knowledge, our result is the first one including the important case of a 
non-constant rate of jump. The main difficulty is that in such a case, the 
map x i — ► Xf is not smooth. This seems to make impossible the use of 
Malliavin calculus techniques. To overcome this problem, we introduce a 
new method, in which the propagation of the smoothness of the density 
is obtained by analytic arguments. 

Key words : Stochastic differential equations, Jump processes, Regularity of the 
density. 
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1 Introduction 

Consider a R- valued Markov process with jumps {Xf }t>o, starting from x G R, 
with generator C, defined for <\> : R h- > R sufficiently smooth and y 6 R, by 

Ccf>(y) = b(v)4>\y) + 7 (y) f [<P{y + h(y, z)) - c/>(y)] q(dz), (1) 

JG 

for some functions 7, b : R 1— * R with 7 nonnegative, for some measurable space 
G endowed with a nonnegative measure g, and some function /i : R x G h 1. 

Roughly, b(y) is the drift term: between t and t + dt, Xf moves from y to 
V + b{y)dt. Next, r f(y)q(dz) stands for the rate at which Xf jumps from y to 
y + h(y,z). 
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We aim to investigate the smoothness of the law of Xf for t > 0. Most of the 
known results are based on the use of some Malliavin calculus, i.e. on a sort of 
differential calculus with respect to the stochastic variable u>. 

The first results in this direction were obtained by Bismut [1] , see also Leandre 
[10 . Important results are due Bichteler et al. [2j. We refer to Graham-Meleard 
[5], Fournier [5] and Fournier-Giet [5] for relevant applications to physic integro- 
differcntial equations such as the Boltzmann and the coagulation-fragmentation 
equations. These results concern the case where q(dz) is sufficiently smooth. 
When q is singular, Picard [T^] obtained some results using some fine arguments 
relying on the affluence of small (possibly irregular) jumps. Denis [5] and more 
recently Bally pQ also obtained some regularity results when q is singular, using 
the drift and the density of the jump instants, see also Nourdin-Simon 

All the previously cited works apply only to the case where the rate of jump j(y) 
is constant. The case where 7 is non constant is much more delicate. The main 
reason for this is that in such a case, the map x >— > Xf cannot be regular (and 
even continuous). Indeed, if 7(2;) < 7(2/), and if q{G) = 00, then it is clear that 
for all small t > 0, X v jumps infinitely more often than X x before t. The only 
available results with 7 not constant seem to be those of [7J [5] , where only the 
existence of a density was proved. Bally [1] considers the case where j(y)q(dz) 
is replaced by something like j(y, z)q(dz), with sup y \y{y,z) — 1| S ^(q): the 
rate of jump is not constant, but this concerns only finitely many jumps. 

From a physical point of view, the situation where 7 is constant is quite par- 
ticular. For example in the (nonlinear) Boltzmann equation, which describes 
the distribution of velocities in a gas, the rate of collision between two particles 
heavily depends on their relative velocity (except in the so-called Maxwellian 
case treated in [UJ IE] ) ■ I n a fragmentation equation, describing the distribution 
of masses in a system of particles subjected to breakage, the rate at which a 
particle splits into smaller ones will clearly almost always depend on its mass... 

We will show here that when q is smooth enough, it is possible to obtain some 
regularity results in the spirit of [5] ■ Compared to [2] , our result is 

• stronger, since we allow 7 to be non-constant; 

• weaker, since we are not able, at the moment, to study the case of processes 
with infinite variations, and since we treat only the one-dimensional case (our 
method could also apply to multidimensional processes, but our non-degeneracy 
conditions would be very strong). 

Our method relies on the following simple ideas: 

(a) we consider, for n > 1, the first jump instant r„ of the Poisson measure 
driving X x , such that the corresponding mark Z n falls in a subset G n C G with 
q{G„) ~ n; 

(b) using some smoothness assumptions on q and h, we deduce that X^ has a 
smooth density (less and less smooth as n tends to infinity); 

(c) we also show that smoothness propagates with time in some sense, so that 
Xf has a smooth density conditionnally to {t > t„}; 
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(d) we conclude by choosing carefully n very large in such a way that {t > t„} 
occurs with sufficiently great probability. 

As a conclusion, we obtain the smoothness of the density using only the regu- 
larizing property of one (well-chosen) jump. On the contrary, Bichteler et al. 
[2] were using the regularization of infinitely many jumps, which was possible 
using a sort of Malliavin calculus. Surprisingly, our non-degeneracy condition 
does not seem to be stronger, see Subsection 12.41 for a detailed comparison in a 
particular (but quite typical) example. 

We present our results in Section [2l and we give the proofs in Sections [3] and |4j 
An Appendix lies at the end of the paper. 

2 Results 

In the whole paper, N = {1, 2, ...}. Consider the one-dimensional S.D.E. 

ft ft fOO f 

A7 = x + / b{X x s )ds + / / / h(Xf_,z)l {v <rtx: )}N(ds,du,dz), (2) 
J o Jo Jo Jg 

where 

Assumption (I): The Poisson measure N(ds, du, dz) on [0, oo) x [0, oo) x G 
has the intensity measure dsduq(dz) , for some measurable space (G, Q) endowed 
with a nonnegative measure q. For each t > we set Tt := cr{N(A), A G 
B([O,t])®B([O,oo))®0}. 

We will require some smoothness of the coefficients. For /(j/) : R h t (and 
h(y, z) : R x G i-> R), we will denote by /W (and ft, (/) ) the Z-th derivative of / 
(resp. of /z with respect to y). Below, k 6 N and p € [1, oo) are fixed. 

Assumption (A/- )P ): The functions b : R i— > M and 7:!^ K + are of class C k , 
with all their derivatives of order to /c bounded. 

The function h : R x G 1— > R is measurable, and for each z S G, y i— > z) is 
of class G fc on R. There exists rj S (L 1 n L P )(G, 9) such that for all i/eR, all 
« G G, all Z G {0, fc}, |^(0( y , z )| < n(z). 

Under (^4i,i), £(j), introduced in |T]), is well-defined for all (j) G G 1 (R) with a 
bounded derivative. The following result classically holds, see e.g. [71 Section 
2] for the proof of a similar statement. 

Proposition 2.1 Assume (J) and (Ak, p ) for some p > 1, some fc > 1. For anj/ 
x G R, f/iere exists a unique cadlag (J-t)t>o~ adapted process (X^) t >o solution to 
10) such that for all all T £ [0, 00), F[sup se[0 T ] \X*\ P ] < 00. 
TZie process (X^) t >o,xeR i s a strong Markov process with generator C defined by 
0). We will denote by p(t,x,dy) := C(Xf ) its semi-group. 
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2.1 Propagation of smoothness 

We consider the space M (R) of finite (signed) measures on R, and we abusively 
write H/IUhk) := \\f\\ TV = J R \f\(dy) for / G M(R). We denote by C b fe (R) 
(resp. C^(K)) the set of C fc -functions with all their derivatives bounded (resp. 
compactly supported). We introduce, for k > 1, the space W k,1 (R) of measures 
/ £ A4(R) such that for all I G {1, fc}, there exists 6 .M(R) such that for 
all tf> G C c fc (R) (and thus for all </> G C b fe (R)), 

/ /(<W (0 (i/) = (-i)' / gi(dy)Hy)- 

Jw Jr 
If so, we set /« = 5i . Classically, for / G X(M), / G W* ,X (R) if and onl y if 

ll/II^M (R) :=^sup{/ f(dy)^(y), <f> G C b (R), |HU < l) (3) 

is finite (here C b could be replaced by C*, C^ 00 , or C^°), and in such a case, 

k 

WfWw^im = II/^IUmr)- 

Let us finally recall that 

• for / e_C* fe (R), /(y)dy belongs to W^'^R) if and only if £o |/ (i) | G L X (M); 

• if / G W k ' 1 (R), with fc > 2, then f(dy) has a density of class C fc ~ 2 (R). 

We now introduce a first non-degeneracy assumption (here h'(y, z) = d y h(y, z)). 

Assumption (S): There exists cq > such that for all z £ G, all y G R, 
l + fe'(y,*) > co. 

Proposition 2.2 Let p > fc + 1 > 2 6e /ixed, assume (I), (Ak+i :P ), and (S). 
For t > and a probability measure f on R, we define p(t, /, dy) on R &y 
p(t,f,A) = L f(dx)p(t, x, A), where p(t,x,dy) was defined in Provosition \2.1\ 
There is C\ > suc/i i/ia/j /or all probability measures f G W ,:L (M), a/Z i > 0, 

IIp(*> /> Ollv^f*) < ll/ll^.i(R)e C ' fct . 

Observe that p(t, /, dy) is the law of Xf° where (-X^ )t>o,a;eJR solves @ and 
where Xq ~ /(dy) is independent of AT. 

Assumption (5) is probably far from optimal, but something in this spirit is 
needed: take b = 0, 7 = 1 and /i(y, z) = — t/l^(z) + 1/77(2;) for some A C G with 
o(A) < 00 and some rj G i 1 (G, o). Of course, (5) is not satisfied, and one easily 
checks that there exists ta exponentially distributed (with parameter q(A)) such 
that a.s., for all t > ta, all x G M, Xf = 0. This forbids the propagation of 
smoothness, since then p(t, /, dy) > (1 — e^ q ^ A ' t )5a{dy), even if / is smooth. 
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2.2 Regularization 



We now give the non-degeneracy condition that will provide a smooth density 
to our process. A generic example of application (in the spirit of [2J) will be 
given below. For two nonnegative measures v, v on G, we say that v < v if for 
all AeQ, v(A) < 9(A). Here k £ N, p £ [0, oo) and 9 > 0. 

Assumption (Hk tPi g): Consider the jump kernel n(y,du) associated to our 
process, defined by fi(y, A) = j(y) J G z))q(dz) (which may be infinite) 

for all A £ B(R). 

There exists a (measurable) family (/i n (y, du)) n >i_ >y ^s. of measures on R meeting 
the following points: 

(i) for n > 1, y £ G, < (i n (y,du) < fi(y,du) and /i n (y,R) > n; 

(ii) for all r > 0, n > 1, sup| y | <r ^„(y,R) < oo; 

(iii) there exists C > such that for all n £ N, y £ R, 



The principle of this assumption is quite natural: it says that at any position y, 
our process will have sufficiently many jumps with a sufficiently smooth density. 
Our main result is the following. 

Theorem 2.3 Let p > k + 1 > 3 and 6 > be fixed. Assume (I), (Ak+\. p ), (S) 
and (Hk lPl e)- Consider the law p(t,x,dy) at time t > of the solution (X£) t >o 

to <G|. 

(a) Let t > 0/(k — 1). For any x £ R, p(£, a;, dy) has a density y ^ p(t, x, y) of 
class C^(R) as soon as < n < kt/(9 + 1) - 1. 

("6J In particular, if (Hk^ p- g) holds for all 9 > 0, then for all t > 0, all x G R, 
V l— * p(^) 2/) * s °/ c/ass C^~ 2 (R). 

2.3 Another assumption 

It might seem strange to state our regularity assumptions with the help of 
7, h, q, and to our nondegeneracy conditions with the help of the jump kernel /i. 
However, it seems to us to be the best way to give understandable assumptions. 

Let us give some conditions on 7, h, q, in the spirit of [2], which imply (Hk, p ,e). 

Assumption (Bk. p ,e): G = R, and for all y £ R, j(y) > and there exists 
I(y) — (a(y), 00) (or (— 00, a(y))) with a(y) £ R, with y \— > a(y) measurable, 
such that q(dz) > lj( y ^(z)dz and such that the following conditions are fulfilled: 



(a) for all y £ R, z 1— > h(y,z) is of class C k+1 on /(y). The derivatives h z 
(w.r.t. z) for / = 1, k + 1 are uniformly bounded on {(y, z); y £R, z £ I(y)}; 

(b) for ally £ R, all z G /(y), h' z (y,z) / 0, and with 7 n (y) = [a(y),a(y)+n/j(y)} 
(or [a(y) - n/7(y), a(y)]), 
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IMw,.)ll«".i(R) <C(l + |i/He' 



Mn(y,R) 




(4) 
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Lemma 2.4 {B k ^ P: g) and {A 1:1 ) imply (H k , p ,e)- 

This lemma is proved in the Appendix. Let us give some examples for (U). 

Examples: Assume that \h' z (y, z)\ > e(l + \y\)~ a ((z), for all y G K, all z G I(y), 
for some a > 0, e > 0. 

• If ((z) = (1 + \z\)~ s , for some S > 0, and 7(2/) > c(l + \y\)~ p for some c > 0, 
/3 > 0, then g]) holds for all k > 1, all 6 > and all p > 2fc(a + /3<5). 

• If = e- d \ z \\ for some d > 0, 6 G (0, 1), and if 7 (y) > c[log(2 + \y\)]- p , 
with c > 0, G [0, (1 - S)/S), then g]) holds for all k > 1, all 9 > 0, all p > 2ka. 

• If (( z ) = e~ d|z| , for some d > 0, if 7(2/) > c > 0, then Q holds for all k > 1, 
all 6> > 2fcd/c and all p > 2fca. 

• With our assumption that 7 is bounded, (0J does never hold if = e~ d ' 2 
for some d > 0, <5 > 1. 

Observe on these examples that there is a balance between the rate of jump 7 
and the regularization power of jumps (given, in some sense, by lowerbounds of 
\h' z \). The more the power of regularization is small, the more the rate of jump 
has to be bounded from below. This is quite natural and satisfying. 

2.4 Comments 

Let us mention that when 7 is constant, the result of [2] (in dimension 1), is 
essentially the following. Roughly, they also assume something like q(dz) > 
^-(a,ao){ z )dz (they actually consider the case where q{dz) > lo(z)dz for some 
infinite open subset O of R) . 

They assume more integrability on the coefficients (something like (Ak, p ) for all 
p > 1). They assume (S*), and much more joint regularity (in y,z) of h (see 
Assumption (A — r) page 9 in [2]), the uniform boundedness of d z ad y i3h as soon 
as a > 1. 

Their non-degeneracy condition (see Assumption (SB — (£, 0)) page 14 in [5]) is 
of the form \h' z (y,z)\ 2 > e(l + |x|) _(5 C(2;), for some S > 0, some e > 0, and some 
broad function ( (see Definition 2-20 and example 2-35 pages 13 and 17 in [2]). 
This notion is probably not exactly comparable to |4]). Roughly, 

• when £(z) = e~ Q ' 2 ' with S > 1, their result does not apply (as ours); 

• when ((z) = e~ Q ' z ' with 8 < 1, or when £(z) = (1 + |z|) -/3 with (3 > 0, their 
result applies for all times t > (as ours); 

• when ((z) = e~ Q ' z ', their result applies for sufficiently large times (as ours). 

As a conclusion, we have slightly less technical assumptions. About the nonde- 
generacy assumption, it seems that the condition in [2] and ours are very similar 
(when 7 = 1). Let us insist on the fact that this is quite surprising: one could 
think that since we use only the regularization of one jump, our nondegeneracy 
condition should be much stronger than that of [2]. 
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We could probably state an assumption as (Bf- tP ,e) for a general lowerbound 
of the form q{dz) > lo(z)(p(z)dz, for some open subset O of R and some C°° 
function ip : O i— > R, but this would be very technical. 

Finally, it seems highly probable that one may assume, instead of (S 1 ), that 
< 1/(1 + h'(x, z)) < a(z) e L 1 n L r (G, q) (with r large enough); and that the 
assumptions 6, 7 bounded and \h{x, z)\ < i](z) (in (Ak tP )) could be replaced by 
\b{x)\ < C(l + |ac|) and j(x)\h(x, z)\ < (1 + \x\)r)(z), with i) 6 L 1 ni p (G,g). 
However, the paper is technical enough. 

We prove Theorem 12.31 in Section [3] and Proposition 12 . 21 in Section |4j 



3 Smoothness of the density 



In this section, we assume that Proposition 12.21 holds, and we give the proof of 
our main result. We refer to the introduction for the main ideas of the proof. 

Proof of Theorem [273l 

We consider here x € R, the associated process (X£ )t>o- We assume (I), (S), 
(Ah+i tP ), and (-fffc,p,e) for some p > k + 1 > 3, some 9 > 0. Due to Proposition 



V t > 0, C t ■■= E 



sup\X*\ p 

[0,t] 



< 00. (5) 



Recall (Hk, p fi), and denote by f n (y,u) the density (bounded by 1) of fj, n (y,du) 
with respect to )i(y,du). Then for q n (y,dz) := d n (y, z)q(dz) with d n {y,z) := 
f n (y, h(y, z)) (which is bounded by 1), one easily checks that for all A 6 S(R), 
H n (y,A) = j(y) j G l A (h(y,z))q n (y,dz). As a consequence, still using (H ktPt e), 

(i) < q n (y,dz) < q(dz), and j(y)q„(y,G) = /i„(y,R) > 

(ii) for all r > 0, n £ N, sup| a |< r r ){y)q n {y 1 G) < 00. 
We now divide the proof into four parts. 

Step 1. We first introduce some well-chosen instants of jump that will provide 
a density to our process. To this end, we write N = 2j>i ^(*«,u<,zi)) we con_ 
sider a family of i.i.d. random variables (ui)i>i uniformly distributed on [0, 1], 
independent of N. We introduce the Poisson measure M = Yli>i^(ti,Ui,Zi,Vi) 
on [0, 00) x [0, 00) x G x [0, 1] with intensity measure dsduq{dz)dv . Then we 
observe that N(ds,du,dz) = M(ds, du, dz, [0, 1]). Let U t = a{M(A), A £ 
B([0, t}) ® B([0, 00)) ® 5 (g> B([0, 1])}. 

Next, we observe, using point (ii) above and (f5]), that a.s., for all t > 0, 

su P[o : t] Jo" / G Jo 1 1 {u< 1 (x-_),v<d n (x^_,z)}duq(dz)dv 
= su P[o,t] l(Xg_)q n (Xs_, G) < 00. 
We thus may consider, for each n > 1, the a.s. positive (7it)oo-stopping time 

T n = M<t>0; / / / l{„< 7 (x-_),t,< t i„(x-_, z )}M(ds, du, dz,dv) > L 
I Jo Jo Jg Jo ) 
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and the associated mark (U n , Z n ,V n ) of M. Then one easily checks that 

(a) for t > 0, P[t„ > t] < e~ nt , since due to point (i), a.s., for all s > 0, 

OO p p\ p 

I j 1{u<~<(x*_),v<d n (x*_,z)}duq(dz)dv = j(Xf_) / d n (Xf_)q(dz) 
o Jg Jo * Jg 

= y(Xf_)q n (X*_,G)>n; 

(b) < ~f(X* _) a.s. by construction; 

(c) conditionnally to H Tn -, Z n ~ q n (X* _, dz)/q n (X* _, G). Indeed, the triple 
(U n , Z n , V n ) classically follows, conditionnally to TL Tn -, the distribution 

1 {X X )q n {X x i G) 1{u ^ [X ^^' v ^ d ^ x ^-^ duq ^ dz " ,dv ' 

and it then suffices to integrate over u € [0, oo) and v £ [0, 1] and to use that 
d n (y,z)q(dz) = q n (y,dz). 

Step 2. By construction and due to Step l-(b), 

Xr n — X% n _ + h(X^ n _, Zn)l{u n <-/(x* _)} — X* n _ + h(X^ n _, Z n ), 

Hence conditionnally to H Tn -, the law of X* is g n (uJ,dy) := fi n (X x ri _,dy — 
X* _)/(j, n (X^ Indeed, for any bounded measurable function cj> : M i— >• M, 

using Step l-(c) and that n n (y, A) = j(y) f Q lA(My, z))q n (y, dz), 

E[<j>{X* n )\Hr n -]= I m n - + KX X r n -,*)} qn fJr ,d rl 

Jg <M a t„-! 

/M A t„-' K J JR 

Due to assumption (Hk. P ,e), we know that for some constant C, a.s., 

llffnllw^.^R) = ~ ^yllMn(^"r ra -)-)llw'=. 1 (R) - C '( 1 + \ X r n -\ P )a 9n ■ ( 6 ) 

Step 3. We now use the strong Markov property. For t > and n > 1, for 
<j> ; R i— >• K, with the notation of Proposition ^. 21 since {i > r„} 6 "H Tr ,-, 



E[<f>(X t x )]=E[<j>(X?)l {t<Tn} ]+E 



1 {t>r n } J <t>{y)p{t-T n ,gn,dy) 

But from Proposition 1 2 . 21 and (J6j> , there exists a constant C^fc such that a.s. 



(7) 



^{t>r n }\\p(t-T n ,g n ,.)\\wKtm) < C t , k l{t>r n }snp(l + \X*\ p )e 9n . (8) 

[0,4] 

Step 4. Consider finally the application ip(£,,y) — e l ^ v . Then the Fourier 
transform of the law p(t,x,dy) of Xf is given by pt,x((,) ■— E[ijj(£, X*)]. We 
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apply Q with the choice <j)(y) — ^ (£>J/) = (^O k i } (^y)- We get, for n > 1, 

£eR, 



iei fe iPM(oi<iciM^>^] + ^ 



ip {k) {£,y)p(t - r n ,g n ,dy) 



(9) 



But on {t > r„}, an integration by parts and then ([8]) leads us to 



^ {k) {^y)p{t-T ni g ni dy) 



ip{^y)p (k) (t-T n ,g n ,dy) 



< .)\U\p(t - r n ,g n , .)\\ m , Hm < C t ,,e e "sup(l + \Xf\*). 

[0,i] 

Hence (JSJ) becomes, using Step l-(a) and ([5]), 

le| fc |P M (OI < \Z\ k e~ nt + C t Al + C t )e en . 
Choosing for n the integer part of -^- t log |£|, we obtain, for some constant A t , 

< (e* + C t>fc (l + C t ))|e| fce/(e+t) =: A t |e| fce /^. 
Since on the other hand \pt,x (£)| is clearly bounded by 1, we deduce that 

\PtAO\ <iA^icr fet/(e+t) . (io) 



Let finally n > such that n < — 1 , which is possible if t > -^j . Then fTI 
ensures us that |£| n |Pt,a;(£)l belongs to L 1 (R, which classically implies that 
p(t,x,dy) has a density of class C™(K). □ 



4 Propagation of smoothness 



It remains to prove Proposition 12.21 It is very technical, but the principle is 
quite simple: we study the Fokker-Planck integro-partial-differential equation 
associated with our process, and show that if the initial condition is smooth, so 
is the solution for all times, in the sense of W k ' 1 (R) spaces. 

In the whole section, K is a constant whose value may change from line to line, 
and which depends only on k and on the bounds of the coefficients assumed in 
assumptions (Ak+i, p ) and (S). 

For functions f(y) : R h-> R, g(t, y) : [0,oo)xM^ M, h(y, z) : R x G ^ R, 
we will always denote by /W, g( l \ and the l-th derivative of /, g, h with 
respect to the variable y. 

A map (t, y) h-> f(t, y) is of class C b 1,fc ([0, T] x R) if the derivatives fW(t, y) and 
dtf( l \t,y) exist, are continuous and bounded, for all I 6 {0, ...,£;} . 
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We consider for i > 1 the approximation C l of £, recall ((T|), defined for all 
bounded and measurable <fr : R h- > M by 



7(2/)/ 9(dz)[</>(y + %, z])-<Hy)] 



G, 



Here, (G,)j>i i s an increasing sequence of subsets of G such that Uj>iGj = G 
and such that for each i > 1, q{Gi) < 00. 

Lemma 4.1 Assume (I) and (^4i,i). 

(%) -For anj/ i > 1, anj/ probability measure fi(dy) on R, i/iere exists a unique 
family of (possibly signed) bounded measures (fi(t, dy))t>o on R swc/i that for all 
T > 0, sup[ jn J" R < oo, and for all bounded measurable <j> : R 1— >• K, 

4>(y)fi(t,dy)= [ <P(y)f l (dy)+ [ ds f £*</>(y)fi(a,dy). (11) 
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Furthermore, fi(t) is a probability measure for all t > 0. 

(m,) Assume now that fi(dy) goes weakly to some probability measure f(dy) as 
i tends to infinity. Then for all t > 0, fi{t,dy) tends weakly to p(t,f,dy) as i 
tends to infinity, where we use the notation of Proposition [ 



Proof Let us first prove the uniqueness part. We observe that for <fi bounded 
and measurable, C l (f> is also measurable and satisfies ||£VI|oo < CjH^Hoo, where 
Ci := 2i + 2||7|| 00 g(Gi). Hence for two solutions fi(t,dy) and fi(t,dy) to (HH), 
an immediate computation leads us to 

WMt) - MMtv < C t f ds||/i(a)-/i(*)||rv, 







since the total variation norm satisfies |H|rv := sup||0|| =o<1 | j M (f>(y)v(dy)\. The 

uniqueness of the solution to (fTTj) follows from the Gronwall Lemma. 

Let us consider X ~ / independent of N, and (X^) t >o, x m the solution to ([2|), 

associated to the Poisson measure N. Recall that p(t, /, dy) = C(X?°). 

We introduce another Poisson measure M l (ds) on [0, 00) with intensity measure 

ids, independent of N, and Xq ~ /j, independent of (AP,N). Let (X t l ) t >o be 

the (clearly unique) solution to 



xi = xi 



l -M\ds)+ f f [h(Xi_,z)l {u < y(xi )} N(ds,du,dz). 

J0 JO JGi 



Then one immediately checks that fi(t,dy) — C{X l t ) solves (|llj) . This shows 
the existence of a solution to (jlip. and that this solution consists of a family of 
probability measures. Finally, we use the Skorokhod representation Theorem: 
we build Xq ~ f i in such a way that Xq tends a.s. to Xq. Then one easily proves 
that sup[ t j \X\ — Xf° I tends to in probability, for all t > 0, using repeatedly 
We refer to [El Step 1 page 653] for a similar proof. This of course implies 
that for all t > 0, f t (t, dy) = £{X l t ) tends weakly to p(t, /, dy) = C{X? Q ). □ 

We now introduce some inverse functions in order to write (|llj) in a strong form. 
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Lemma 4.2 Assume (S) and (Ak+i. p ) for some p > k + 1 > 2. 

(i) For each fixed z E G, the map y y + h(y,z) is an increasing C k+1 - 
diffeomorphism from R into itself. We thus may introduce its inverse function 
r(y,z) : R x G ^ R defined by r(y,z) + h(r(y,z),z) — y. For each z E G, 
V l— ► T (j/j z ) is °f class C k+1 (M.). There exist a and K > such that 

\r(y, z)-y\ + \r'(y, z)-l\+ < a(s) £ g), (12) 

0<r'(y,z)<^. (13) 

For aZZ Z € {0, k}, there exist some functions a^ r :1xGh| with 

i 1 + v^zj) i ]aiAy > z)i - a(z) e l1(g ' q) (w) 

such that for all cj> E C l (R), 

I 

[4>{r{y, z))r'{ y , z)f } = ^ l \r(y, zj) + £ ai , r (v, z)^(r{y, z)). (15) 

(ii) For all i > io := 2 1 1 &' 1 1 oo , the map y ^ y + b(y)/i is an increasing C k+1 - 
diffeomorphism from R into itself. Let its inverse T; : K n 1 k defined by 
n{y) + b{n{y))/i = y. Then n E C fe+1 (R). There exists c> 0, K > such that 

\n(y)-y\<K/i, \rl(y)-l\<K/i, c < r-(y) < K. (16) 

For all I E {0, k}, there exist (5\ r : R R with 

I 

J2^lr(y)\<K (17) 

smc/i Z/iaZ /or all <j) G C'(R), 

[^(2/))r;(y)] (0 = ^(r,^)) +^AV(2/)^ (r) (Ti(j/)). (18) 

(m) For a/Z i > io, all bounded measurable ^ : I h I and all g E L (R), 
$ w 9{y)£ l <i>{y)dy = J M 4>{y)C"g(y)dy, where 

£"9(y) = i[g(ri(y))rl(y) - g(y)] 

+ q(dz)[y(T(y,z))g(T{y,z))T'(y,z) -j(y)g(y)]. (19) 

JG, 

Proof We start with 

Point (i). The fact that for each z E G, y + h{y,z) is an increasing C k+1 - 
diffcomorphism follows immediately from (Ak+i, p ) and (S). Thus its inverse 
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function y \— ► r(y, z) is of class C fc+1 . Next, r'(y, z) = 1/(1 + h'(r(y, z), z)), and 
thus is positive and bounded by 1/cq due to (5). This shows (fT3|) . Of course, 
su P y l T (y^)-y| = su P y \y+Hv, z)-v\ < v(z) G Ll (G,q) due to Next, 
|r'(y,z)-l| = |^(r(y,z),z)|/(l+/ l '(r(y,z),z)) < G i 1 (G, q), due to (5) 

and (A fe+1 , p ). Finally, |t%,z) - l|/V(y,z) = |/i'(r(</, z), z)| < G L^G.g), 
due to (A fc+1)P ). Thus (TTJ]) holds. 

We next show that for / = 1 , . . . , k + 1 , 

|tW( 2 /^)|<X(7 7 ( 2 )+^- 1 (^)). (20) 

When 2 = 1, it suffices to use that \r'(y,z) — 1| < Krj(z), which was al- 
ready proved. For I > 2, we use (with /(y) = y + h(y,z)), the fact 
that f'(y) = 1 + h'(y,z) > cq due to (S*), and that for all n = 2, ...,k + 1, 
= h (n Hy,z) < rj{z) (due to (A k+1 , p )): this yields, setting I l<r := {q G 
N, ii,...,i g G {2,...,0; ii + ... + i q = r - 1}, 

2Z-1 q 2/-1 

r=i+l Ij, r J = l r=i+l Ii, r 

l-l 

9=1 

We now consider cj> G C fe (R). Due to (J29j, for n = l, fc, 

n-l 

Wr(tf,2))]W = [r'( 2/ ,z)]"^(r(y,z)) + E^(2/^)^ W (T(2/^)) (21) 

r=l 

with S ntr (y,z) = Y,j n ^ a i 1 ,...,i r Ui T ^ j Hy^ z ), where J n , r := {h > l,...,i r > 
1, i\ + ... + i r = n). Using (|2"0")) . we get, for r = 1, n — 1, 

r n—l 

\6 n Av,z)\ < ^En^+^^^E^) 

Jn,r 1 m=I 

< +J? "- l (*)). (22) 

To obtain the second inequality, we used that since i% + ... + i r = n > r, there 
is at least one j with ij > 2, and that Y^j=iih — 1) V 1 = Xw=i(*j — 1) + 
X^ =1 !{ij=i} <n-r + r-l = n-l. 

Applying now the Leibniz formula and then (|21[) . we get, for I = 0, k, 
[0(r)r']W = T '[ 0(r) ](O + g ^ V^ 1 -")^)]^) 

l-l I 

= (r') ,+ V (l) (r)+^^(r) a| , r = <^)(t) + E ^VH- 

r=0 r=0 
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where a^o = t^ 1+1 \ aij = (t') 1+1 — 1, and for r = 1, I — 1, 



' j=r+l vV 



It only remains to prove (|14p . First, since r' is bounded, we deduce that 
\ai t i(y,z)\ < K\r'(y,z) - 1| < ^(z). Next, using J2DJ), |j32J) and that r' is 
bounded, we get, for I = 1, k, (with the convention Y^i = 0), 

i i—i 
J2\ai,r(v^)\ < Kr 1 {z) + K{r l {z) + rt{z))+KY J {'n{z) + ri l - r {z)) 

r— r— 1 

Z-l I 

+kJ2 E (^)+^'(z))(^)+^- i (z)) 

r— 1 j—r-\-l 

< X(ry(z) + V(z)) < ^(ry(z) + ry fe (z)) 

Finally, (1 + 1/r'Q/, z)) = (1 + 1 + h'{r{y, z), z)) < 2 + 77(2) by (4m-i, p ). We 
conclude that for I = 1, fc, 

(i + T^iy) E z )i ^ ^ + + ^ fe (*)) = : 

and a 6 i 1 (G, g), since by assumption, f) e L 1 fl L P (G, q) with p > fe + 1 > 2. 

Point (ii). The proof is the similar (but simpler) to that of Point (i). We 
observe that for i > i , (y + b(y)/i)' > 1/2, so that under (Ak+i, p ), y + b(y)/i 
is clearly a C fe+1 -diffeomorphism. Next, (JTHJ) is easily obtained, and we prove 
as in Point (i) that 

\r^ l) (z)\ <^(l/ i +(l/z) ; - 1 ) <K/i, l = 2,...,k + l, 

using that for all n — 2,...,k + 1, (y + b{y)/ip n > < K/i thanks to (Ak+i, p ). 
Then ([T7 ]) -([Tg ]) are obtained as (fH| - ([T5|) . 

Point (iii). Let thus <fi and g as in the statement. Then 

g(y)C l (j}(y)dy = i I <j) {y + b(y) / i) g{y)dy - i / <j){y)g{y)dy 

JR JR 

q{dz) I j(y)4>(y + h[y,z])g(y)dy - / q(dz) / ~f(y)(f)(y)g(y)dy 

JR JGi JR 

= i I <l>(y)g(n(y))Tl(y)dy -i / <f>{y)g(y)dy 

JR JR 

+ I <l( dz ) / i{t{v, z))4>(y)g{T{y, z))t' (y, z)dy 

JR 

q(dz) / l(y)<f>(y)g(y)dy = / c/)(y)C l *g{y)dy, 

Gi JR, JR 
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where we used the substitution y \— > Ti(y) (resp. y \— * r(y, z)) in the first (resp. 
third) integral. □ 

The following technical lemma shows that when starting with a smooth initial 
condition, the solution of remains smooth for all times (not uniformly in 
i). This will enable us to handle rigorous computations. 

Lemma 4.3 Assume (I), (Ak+i, p ) for some p > k + 1 > 2, and (S). Let 
i > io be fixed. Consider a probability measure fi (dy) admitting a density fi (y) 
of class C£(R), and the associated solution fi(t, dy) to Ul\) . Then for all t > 0, 
fi(t,dy) has a density fi(t,y), and (t,y) i— » fi{t,y) belongs to C^' fe ([0, T] x R) 
for allT >0. For allt>0, ally eR, alll = 0,...,k, 



d t fP(t,y) = [C"Mt,y)] {l) 

= i[Mt,Ti(v)ydv) - Mt,y)] {l) (23) 

+ [ q {dz)[ 1 {T(y,z))f l {t 1 T{y 1 z))r l (y 1 z)- 1 {y)f l {t 1 y)\ {l) . 

Proof We will prove, using a Picard iteration, that (f!?5)) (with / = 0) admits a 
solution, which also solves (fTTj) . which is regular, and of which the derivatives 
solve (|23p . We omit the fixed subscript i > io in this part of the proof, and the 
initial probability measure f(dy) = f(y)dy with / £ C k (R) is fixed. 

Step 1. Consider the function f°(t,y) := f(y), and define, for n > 0, 

f n+1 (t, y) = f(y) + f C*P{s, y)ds. (24) 
Jo 

Then one easily checks by induction (on n), using Lemma 14.21 (Ak+i iP ) and the 
fact that q{Gi) < oo, that for all n > 0, f n (t, y) is of class C°' fc ([0, oo) x R), and 
that for all / G {0, k}, 

(f n+1 ) {l) (t,y) = /W(„) + f\c"f n ]^(s,y)d S . (25) 



Step 2. We now show that there exists Ck,i > such that for n > 1, t > 0, 

£||(^ +1 )«(t,.)l|oo<c M [ t d8'£\\(n ll H*,-)\U 

1=0 •'° 1=0 

where 5 n+1 {t,y) = f n+1 (t,y) - f n {t,y). Due to ([25]), for I = 0,...,k, 

(S n+1 Y l \t, y) = [\[5 n (s, n(y))r'M - 5 n (s, y)} {l) ds 
Jo 

+ [ ds [ q (dz)[ 1 (T(y,z))d n (s 1 T(y,z)y(y,z)- 1 (y)S n (s 1 y)] {l) . 
Jo Jd 
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We now use (TT51) (with (j> = S n (s, .)) and (fT5| (with = 7<5™(s, .)), and we easily 
obtain, since q(Gi) < oo, for some constant Ck,i, for all t/GlR, 



i(5" +i ) w (t, y )i < c M / d*x;(ii(n (r) (*)iioo + ii(7n (r) wiu) 

r* - 

< C kli / d«5Zl|(0 W (*)lloo, 
Jo 



r=0 



the last inequality holding since Z < fc and 7 e C fe fc (R). Taking now the supre- 
mum over ji£R and suming for Z = 0, k, we get the desired inequality. 

Step 3. We classically deduce from Step 2 that the sequence /" tends to a 
function f{t, y) € C*°' fc ([0, T] x R) (for all T > 0), and that for I = 0, k, 

f {L) (t,y) = /%) + f\c"ff\s,y)ds. (26) 



o 



X 



But one can check, using arguments as in Step 1, that since f(t, y) £ C b ' ([0, T 
R), so does [£"/](i, y). Hence (|2"B1 can be differentiated with respect to time, 
we obtain ([23]), and thus also that /(*, y) e C£ ,fc ([0, T] x R). 

Step 4. It only remains to show that /(t, y)dy is indeed the solution of (jlip 
defined in Lemma !4.U -(i). First, using (|24p and rough estimates, we have 

||/ n+1 (*)lb < ll/IUi+Ci/^dsll/^WHii, where C i = 2i + 2||7||oo?(G i ). This 
classically ensures that ||/(i)||z,i < lira sup„ 1 1 /" (i) 1 1 £,i < H/Hiie^*. Thus 

su P[o,t] I M !/(*> v)\ d v < 00 for a11 T > °- 

Next, we multiply (f2"6"| (with Z = 0) by </>(j/), for a bounded measurable (j> : R i— > 
R, we integrate over y € R, and we use the duality proved in Lemma l4.2K iii). 
This yields dHJ . □ 

The central part of this section consists of the following result. 

Lemma 4.4 Assume (I), (S) and (Ak+i, p ) for some p > fc+ 1 > 2. For i > «0; 
let fi(dy) € W^ fc,1 (R) 6e a probability measure with a density fi(y) £ C fc (R), and 
consider the unique solution fi{t,dy) to ill}) . There exists a constant Ck (not 
depending on i > io) such that for all t > 0, 

H/f(*)-)lllV fc ' 1 (K) - ll/dlw' fc . 1 (R) eC ' fc *- 

Proof We know from Lemma [4731 that fi(t,y) is of class C b 1,fc ([0,T] x R), and 
that (23]) holds for / = 0, k. 

Since for each I = 0, k, each y e R, 1 i— > ff\t, y) is of class C 1 , we classically 
deduce that |jf (i,y)| = |jf >(y)| + jj S5 (if (s, y))dtf\ l \s, y)ds, where s<?(u) = 
l( ,oo)( u ) — l(-oo,o) ( u )- Using thus (f2"3"| and integrating over y € R, we get 

ll/i (*,.)IUi = ll/i°llzi+ l\A\{ S ) + B\{s))d S , (27) 

Jo 
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for I = 1, k, where, setting jfi(t, y) = 7(j/)/i(t, y) for simplicity, 
A\{t) = ^dy l [Mt,T l (y)y i (y)-Mt,y)f ) S g(f^(t,y)) 
B\(t) = [ q(dz) f dyi[ 7 f i (t^y,z)y(y,z)- 7 f i (t,y)f ) sg(fP(t,y)). 

JGi JR 

Using (UHJ) (with <fi — fi(t, .)) and then (jTTJ) , we obtain 

A\{t) < [ dyi[ri l \t,n{y)) ~ ti l) (t,y))]sg(fP{t,y)) 
i 

dy^2m >r (y)\-\ft\tMv))\ 



r=0 



< [ dyi[\fP{t,n( y ))\-\ri l) (t,y)\]+K [ dyj2\ft\t,n(y))\ 
JR Jr r=0 



First, 



AY(t)+A l :\t). 



AY{t) < * dy\ff\t,n{y))\T'M-i dy\fP(t,y)\ 

JR JR 

+ [ dy\f^(t,n(y))\xi\ri(y)-M- 



Using the substitution Ti(y) i— > y in the first integral, we deduce that the first 
and second integral are equal. Next, due to (fTB|) , we get 

< o + i^jf dy\ri l \t,n(y))\<K\\fP(t,.)\\ L i. 

To obtain the last inequality, we used again the substitution Ti(y) <— » y and 
the fact that t[ is bounded below (uniformly in i > i , see ((HI)). The same 
argument shows that 



Af{t) < KY,\\fi r) &-)\\». 

r=0 

Using now (TTS|) with = 7/i(£, .), we get 

B?(t) < / q{dz)J dvlbftV&rfaz)) - (lfifHt,y)]sg(fP(t,y)) 

q(dz) [ dy^2\a,Ay, *)U(7/i(*, .)) (r) (r( y , z)) 



G, 



r=0 



1G 



With the help of the Leibniz formula, we obtain 
B\{t) < J G q(dz)J^dy[ 1 f\ l \t,r{ y ,z))- 1 fl l \t,v))sg{ff\t,v)) 

+ J g q(dz) £ dy g Q |7 ( '- r) // r) (*, rfc/, *)) - 7 ( '- r) /f } (t, y) \ 

q(dz) [ dy^2\a l>r (y, z)\.\( 7 fi(t, .)) (r) (r(y, z))\ 



G, 



r=0 



= : BPW + B? (t)+Bl' 3 (t). 

First, 



Bl>\t)< y Gg (dz)y K d y [(7|/f ) |)(t,r( y ^)).r'(y,z)-( 7 |^ ) |)(t,2/)|] 

+ J q{dz)j dy^f^t^z)) x |r'(y,^)-l|- 

Using the substitution r(y, z) i— ► ?/ is the first part of the first integral, we deduce 
that the first integral equals 0. Since 7 is bounded, we get 

B l -\t) < + K J G q{dz)j^dy\f?\t,T{y,z))\x\T'{y,z)-l\ 
< K J G a(z)q(dz)J^dy\ti L) (t,T(y,z))\T'(y,z) 

for some a £ L 1 (G, g), where we used (TT2|) . But using again the subsitution 
r(y, z) 1 — * j/, we find 

B l ^(t)<Kj G a(z)q(dz)^dy\fP(t,y)\<K\\fP(t,.)\\ L i. 

Next, using HU), then the substitution r(y,z) 1— > y and that 7 £ C£'(]R), we 
obtain, for some a £ L 1 (G,q), 

B l . 3 (t)<Kj2 I l(dz)[ dy\( 7 f i (t,.))^(r(y,z))\r'(y,z)a(z) 

<E( / «(*M*o) ll(7/i(< ) .) (r) IUx<^EH/i r) ( t ")lk 

Finally, due to ([12]) . there exists a 6 £ 1 (G, g) such that sup y |r(t/, z)— j/| < a(z). 
Hence for any e C 1 (M), 

g(dz) / dy\^T{y lZ ))-ct>{y)\ < I q(dz) I dy I du\^'(u)\ 



d JR JGi JR Jy-a(z) 

<2 f a(z)q(dz)\\ct>'\\ Ll <K\\cj>'\\ L ,. 

JGi 
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As a consequence, using that 7 G C^ +1 , we get, since Z < fe, 

sj ,a (t) <^Eii(7 (i - r) /i r) m-)ii^ ^Eii-^-)^ 

r=0 r=0 

We finally have proved that for Z = 1, fc, for all t > 0, 

L 1 - 



r=0 J ° 



Using that for all i > 0, .) is a probability measure (so that \\fi(t, OHl 1 = 1) 
and summing over I = 0, k, we immediately conclude that 

ll/i(*> — ll/»llw*.i(R) + / ^ s ll/i( s ; Ollw^fR)- 

Jo 

The Gronwall Lemma allows us to conclude the proof. □ 
We finally conclude the 

Proof of Proposition 12. 2l We thus assume (I), (Ak+i :P ) for some p > fc+1 > 
2, and (S). Consider a probability measure / G W fc,1 (]R), and a sequence of 
probability measures /, G W /fc ' 1 (R) with densities /, G C^(M), such that /j goes 
weakly to /, and such that lim^ ||/i||;yM(K) = ||/|lw , *. 1 (R)- Consider the unique 
solution fi(t,y) to (jlip . Then we deduce from Proposition 14.41 that for t > 0, 

■)lliv fc . 1 (R) — ll/j|lw rfc . 1 (K) eCfc *- ( 2 ^) 

On the other hand, Lemma T4.ll implies that for all t > 0, fi(t,dy) goes weakly 
to /, dy) as i tends to infinity. Thus for any <p G (M), any Z G {0, k}, 
any t > 0, 

W(y)p(t,f,dy)= lim / <t> m (y)fi(t,dy). 



We then immediately deduce from J28J), recalling ([3]), that for any t > 0, 

l|p(*./.-)llt^».iCR) ^ ll/llw-Mpijc **. 
The proof is finished. □ 



5 Appendix 

We first gather some formulae about derivatives of composed and inverse func- 
tions from M into itself. Here /W stands for the Z-th derivative of /. 

Let us recall the Faa di Bruno formula. Let Z > 1 be fixed. The exist some 
coefficients a l £ ^ ir > such that for <^> : R h-* K and t : R n 1 of class C l (R), 

[0(r)]« = W>( T ) + E f E "I: - II r ' I ^ M (r), (29) 
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where the sum is taken over i\ > 1, i r > 1 with i\ + ... + i r = I. 

We carry on with another formula. For I > 2 fixed, there exist some coefficients 
cf i G R such that for f : R i— > K a C'-diffeomorphism, and for r its inverse 
function, 

2i— 1 9 

- (0 =E 777^7 E (30) 

r=i+l y y " ii+...+i„=r— 1 j=l 

where the sum is taken over g € N, over i\, i g G {2, 1} with ii + ... + i q = 
r — 1. This (not optimal) formula can be checked by induction on k > 2. 

We finally give the 

Proof of Lemma 12.41 In the whole proof, y € R is fixed. We assume for 
example that I(y) = (a(y), oo), and we may suppose without loss of generality 
that a(y) = (replacing if necessary h[y, z] by h(y, z) := h[y, z + a(y)]). 
We introduce a family of C°° functions 4> n : R h- > [0, 1], such that <fi n (z) = 
for z < 1 and z > n + 3, ^ n (z) = 1 for z G [2, n + 2], and sup n ||^n ||oo < C/ 
for all Z G N. Then we set q n (y,dz) = <j) n (^(y).z)dz, and we define ^„ by 
fj, n (y, A) = j(y) J G l A (h(y, z))q n (y, dz). 

Clearly < q n (y,dz) < q{dz) so that /i n (y,du) < /i(i/,du), and an immediate 
computation leads us to /i„(y,R) = r y(y)q n (y,G) G [n,n + 2]. Thus points (i) 
and (ii) of assumption {Hk tPt e) are fulfilled. 

Since h' z (y,z) does never vanish, z t— » h(y,z) is either increasing or decreasing. 
We assume for example that we are in the latter case. We also necessarily 
have lim z _ >00 h(y, z) — 0, since h(y,z) G i 1 ((0, oo), dz) (due to (Ax t x))- As a 
conclusion, z i— ► z) is a decreasing C fc+1 -diffeomorphism from (0, oo) into 
(0,%,0)). 

Let £(y, .) : (0, 0)) i— > (0, oo) be its inverse, that is h(y,£(y,u)) = u. Then 
by definition of fx n and by using the subsitution u = h(y, z), we get /i n (y, du) = 
fi n (y, u)du with 

(J>n(y, u) = i{y)<j)n{i{y)£,{y, u))£' u (y, u)l {ue{oMyfim . (31) 

Since the properties of <p n ensure us that n n (y,u) — for 

ui (%,(n + 2)/7(y)],%,l/ 7 (j/)]), 

it suffices to study the regularity of p, n (y,.) on (0,h(y, 0)). Since .) is of 
class C k+1 and since <j) n is C°°, we deduce that /j, n (y,.) is C fe on (0, h(y,0)) 
(and thus on R). 

Using ([3U)) and that ft.i'' 1 is uniformly bounded (for all I — 1, k + 1), we easily 
get, for i = 2, fc + 1, 

2/-1 

!£<?>(!,, «)|<# E l^(y.C(».«))r 

r=/+l 
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Since h' z is uniformly bounded, we get 

\£\y,u)\ <K\h' z (y,ay,u))\- 2l+1 , (32) 

and the formula holds for I = 1, k + 1 (when I = 1, it is obvious). 
Applying now (|29[) . using (|3"2"|) and that 7 is bounded, we get, for / = 1, k, 

r=l 

We used here that for i\ > 1, i r > 1 with ii + ...+i r = I, one has the inequality 
n;=il^ 3) (?/,«) I <K\h' z (y,ay,u))\^(-^+D <K\h' z { y ^u))\- 2l+r . Hence 

\[Ml(y)((y,uW\ < ^|^(2/,e(y,w))|- 2i+1 l {7to) ^, u) <„ +3} , (33) 

since h' z is uniformly bounded and <f> n {z) = for z > n + 3. 

Applying finally the Leibniz formula, using (|3"Tj). ([521 and (IB"3"1) . we get, for 

Z = l,...,fc, for u £ (0,h(y,0)), 

r=0 

< ^))P 2 ^ ll {C(a,^)<(n+3)/T(y)} 

and the formula obviously holds for 1 = 0. Finally, since h' z is uniformly 
bounded, and performing the substitution z — £(y, u), i.e. u = Zi(y, z), we 
obtain, recalling that fi n (y,M.) € [n,n + 2], 

\^n(y, -)l Iw^'MK) 



A*n(y,K) 

z)|- 2fe l (^3, } dz < XCe 3e (l + |y| V 

1 — -y(y) J 



< 



^7(2/) 



where we finally used (|1]) (because /„(?/) = [0,71/7(2/)] here). This proves that 
{H k ^ g )-(m) holds. □ 
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